In this paper, we determine the abelianization of the level d mapping class group for d = 2 and odd d. We also extend the homomorphism of the Torelli group defined by Heap to a homomorphism of the level 2 mapping class group.
Introduction
where x i · x j is the intersection number of x i with x j . We denote by Z 8 [H 1 (Σ g,1 ; Z 2 )] the free Z 8 -module generated by all formal symbol [X] for X ∈ H 1 (Σ g,1 ). Define ∆ for n ≥ 3 and {x i } n i=1 ⊂ H 1 (Σ g,1 ; Z 2 ). Then, we have
as an M g,1 -module.
We also determine the abelianization of the level 2 mapping class group of a closed surface in subsection 4.4. In section 5, we determine the abelianization of the level d mapping class group for odd d. The main tool is the Johnson homomorphism of modulo d on the level d mapping class group. This derives from the extension of the Johnson homomorphism defined by Kawazumi [14] . For H := H 1 (Σ g,r ; Z), denote by Λ 3 H/H the cokernel
In this subsection, we prove Proposition 2.1. By the equation (1), we have
for every d ≥ 2. In particular, if d is even, it is shown that
in Igusa [8] Lemma 1.
(ii). Hence, it suffices to prove
], for d odd, and
First, we show that 2d[T 
.
If we put a 1 = 1, a 2 = −1, b 1 = 0, we obtain
Let x, y ∈ H 1 (Σ g,r ; Z) be elements such that x·y = 0 and {x, y} can be extended to form a basis of H 1 (Σ g,r ; Z)). Then, there exists ϕ ∈ M g,r which satisfies ϕ * (x) = A 1 , and ϕ * (y) = A 2 . This shows that:
Lemma 2. 4 . If x, y ∈ H 1 (Σ g,r ; Z) satisfy x · y = 0, and {x, y} can be extended to form a basis of H 1 (Σ g,r ; Z), then we have 
If we put a 1 = b 1 = 2, and a 2 = 1 in Lemma 2.3, we have
. (7) If we apply the equation (6) to d times the equation (7), we have
We need the theorem proved by Mennicke [19] , which is essential in this proof. 
By the equation (8), we have T
] if d is even, and
Thus, we have proved the case when d is odd. To prove the case when d is even, it suffices to show:
Proof. We have already known that
]. Hence, we examine the quotient group
The symplectic group Sp(2g; Z) acts on
] by the conjugation action. For 1 ≤ i, j ≤ 2g, denote the 2g × 2g matrix e i j which has 1 in the (i, j)-element, and 0 in the other elements. First, we prove that
] is generated by I + d 2 (e 1 g+2 + e 2 g+1 ), I + d 2 (e 1 1 − e g+1 g+1 ) as a Sp(2g; Z)-module.
Similar to the homomorphism m, for a matrix
we define the surjective homomorphism m
Then, it is easy to see that Ker m
For i, j such that 1 ≤ i, j ≤ g, i = j, there are elements of Sp(2g; Z) which map 4-tuple of homology classes
respectively. By the conjugation action, these elements send I + d 2 (e 1 g+2 + e 2 g+1 ) to
respectively. Denote the Kronecker delta by δ ij . Then we have
In the same way, there is an element of Sp(2g; Z) which map the pair (A 1 , B 1 ) to (A i , B i ). This element sends
Then we see that from the equations (9) and (10)
is generated by the elements
Next, we will show that
For
, we have
If we put A ′ = e 1 g+1 , B ′ = e g+1 1 , and A ′ = e 1 2 − e g+2 g+1 , B ′ = e 2 g+2 , we get (11).
The fact (11) shows
This proves the lemma.
Hence, we complete the proof of Proposition 2.1.
The abelianization of the level 2 mapping class group
In this section, we will define a family of homomorphisms
for σ ∈ spin(Σ g ) and x ∈ H 1 (Σ g ; Z 2 ) (Lemma 3.2). This family determines the abelianization of the level 2 mapping class group. The homomorphism β σ,x is proved to be an extension of the homomorphism ω σ,y defined by Heap [6] to the level 2 mapping class group (Subsection 3.5). We will calculate the values of this homomorphism on generators of the level 2 mapping class group using the Brown invariant (Proposition 3.8).
Spin structures of mapping tori
Fix a closed disk neighborhood N (c 0 ) of a point c 0 in Σ g . The mapping class group π 0 Diff + (Σ g , N (c 0 )) is the group of isotopy classes of orientation-preserving diffeomorphisms of Σ g which fix the neighborhood N (c 0 ) pointwise. By restricting each diffeomorphism to
Hence, we identify these two groups. We also identify the kernel Ker(π 0 Diff + (Σ g , N (c 0 )) → Sp(2g; Z 2 )) of the mod 2 reduction of ρ with M g,1 [2] .
where the equivalence relation is given by (f (x), 0) ∼ (x, 1). In this subsection, we define a map θ :
First, we define the spin structure of an oriented vector bundle. Let E → V be a smooth oriented vector bundle of rank n on a smooth manifold V . We denote by P (E) the oriented frame bundle associated to this bundle. When the Stiefel-Whitney class w 2 of E vanishes, we define the spin structure of E by a right inverse homomorphism of the natural homomorphism H 1 (P (E); Z 2 ) → H 1 (V ; Z 2 ). Denote by spin(E) the set of spin structure of E. Since P (E) is a principal GL + (n) bundle and w 2 vanishes, the Serre spectral sequence shows that
by σ → v, where v is the unique nontrivial element in Ker σ. The element v ∈ H 1 (P (E); Z 2 ) restricts to an non-trivial element in each fiber of P (E) → V . This is also equivalent to consider the double cover of the orthonormal frame bundle associated to the bundle E with a fiber metric. In detail, for example, see Lee-MillerWeintraub[16] Section 1.1. For an oriented smooth n-manifold V , we define the spin structure of V by the spin structure of the tangent bundle T V . We denote simply by spin(V ) := spin(T V ) the set of spin structure on V . Note that a spin structure of V is equivalent to a spin structure of V × (−ǫ, ǫ) k , for ǫ > 0 and k > 0.
Next, we define the injective map θ : spin(Σ g ) → spin(M ϕ ). Fix a spin structure on Σ g . Since ϕ ∈ M g,1 [2] acts on H 1 (Σ g ; Z 2 ) trivially, the Wang exact sequence is written as
The inclusion map l : N (c 0 ) × S 1 → M gives the splitting
In order to define the spin structure on M , we will construct homomorphisms from each direct summand to
, where {v 0 , v 1 } is a frame of T c0 N (c 0 ), and v S 1 (t) ∈ T t S 1 is a nonzero tangent vector. This framing induces the homomorphism
where inc * is the homomorphism induced by the inclusion map. Next, consider the natural smooth map P (Σ g × (−ǫ, ǫ)) → P (M ) induced by the inclusion of a tubular neighborhood Σ g × (−ǫ, ǫ) ⊂ M for small ǫ. Using the spin structure on Σ g , we have the homomorphism
Thus, we have constructed the homomorphism H 1 (M ; Z 2 ) → H 1 (P (M ); Z 2 ). In this way, we obtain the map θ : spin(Σ g ) → spin(M ).
A spin manifold bounded by Mapping tori
Int D i denote a pair of pants, where {D i } are mutually disjoint disks and Int D i is interior of D i in S 2 . Pick the paths α, β, γ ∈ π 1 (P 0 , x 0 ) going once round boundary components as in Figure 1 . Denote
). Consider Σ g bundles with its structure group Diff + (Σ g , N (c 0 )) [2] . For ϕ, ψ ∈ M g,1 [2] , there exists a Σ g bundle p :
sends α, β, and γ ∈ π 1 (P 0 , x 0 ) to ϕ, ψ, and
, respectively. This bundle is unique up to diffeomorphism. Note that the boundary ∂W is
loops in a pair of pants
In this subsection, we define a spin structure of W . We show that the induced spin structure on each boundary component of W is equal to that of the mapping torus defined in the last subsection.
Since ϕ, ψ ∈ M g,1 [2] act on H 1 (Σ g ; Z 2 ) trivially, we have the splitting
by the inclusion map N (c 0 ) × P 0 → W . In order to define the spin structure on W , we will construct homomorphisms from each direct summand to H 1 (P (W ); Z 2 ). By the local triviality of the bundle W → P 0 , we have a neighborhood Σ g × (−ǫ, ǫ) 2 ⊂ W of the fiber on x 0 ∈ P 0 . Define the homomorphism
Next, we will construct the homomorphism
). This map and the inclusion N (c 0 ) × P 0 → W induce the homomorphism
Define the spin structure of W by the homomorphisms (13) and (14) . Note that the homomorphism (13) is equal to the composite of (12) and the inclusion homomorphism
commutes. Hence, the manifold W is spin bounded by M ϕ , M ψ , and M (ϕψ) −1 which were defined in the last subsection.
The homomorphism β σ,x on the level 2 mapping class group
In this subsection, we will construct a homomorphism which determines the abelianization of the group M g,1 [2] , using the Rochlin functions of mapping tori. First we review the simply transitive action of
by the Poincaré duality. By the Serre spectral sequence, we have the exact sequence
Every spin 3-manifold is known to bound a spin 4-manifold. For ϕ ∈ M g,1 [2] , choose a compact oriented spin manifold V which is spin bounded by the mapping torus M = M ϕ . Then the Rochlin function of (M, σ) is defined by
This is well-defined by Rochlin's theorem, and is called the Rochlin function.
) and σ ∈ spin(Σ g ), define the map
Here, θ : spin(Σ g ) → spin(M ϕ ) is the map defined in Subsection 3.2.
Lemma 3.2. β σ,x is a homomorphism.
Proof. As we saw in Subsection 3.2, for ϕ, ψ ∈ M g,1 [2] , the spin 4-manifold W ϕ,ψ is spin bounded by the mapping tori
Hence, we have β σ,x (ϕψ) = β σ,x (ϕ) + β σ,x (ψ).
As we will show in Subsection 3.4, the image Im β σ,x is in Z 8 . Denote by Map(H 1 (Σ g ; Z 2 ); Z 8 ) the free Z 8 -module consisting of all maps H 1 (Σ g ; Z 2 ) → Z 8 . We can define the homomorphism β σ : 
Brown invariant
On a closed surface F , a pin − structure α induces a quadratic enhancementq α as follows. Denote the determinant line bundle of the tangent bundle by det F . Then E := T F ⊕ det F has a canonical orientation. The set of pin − structures of F is known to corresponds bijectively to the set of spin structures of E. In detail, see Kirby-Taylor [15] . For an element v ∈ H 1 (F ; Z 2 ), choose a simple closed curve K ⊂ F which represents v. Denote the normal bundle of T K ⊂ T F | K and T F ⊂ E| F by N (F/K) and N (E/F ), respectively. Then the restriction E| K can be written as
Choose a non-zero section s K : K → T K. We call a framing s : This number does not depend on the choice of the representative of a homology class, the orientation of K, and the odd framing of N (F/K) ⊕ N (E/F ). In detail, see Kirby-Taylor [15] section 3. In particular, if F is an orientable surface, this number is equal to twice the quadratic function induced by the spin structure on F . 
Consider a closed surface F which represents s ∈ H 2 (M ; Z 2 ). Then, the surface F has canonical pin − structure induced by the spin structure of the tubular neighborhood of F . Furthermore, the pin − bordism class 
Apply the lemma to the case when M is a mapping torus. Then, we obtain β σ,x (ϕ) = B α ∈ Z 8 , for ϕ ∈ M g,1 [2] and x ∈ H 1 (Σ g ; Z 2 ).
Heap's homomorphism
In this subsection, we review the homomorphism ω σ,y : I g,1 → Z 2 defined by Heap [6] , and show that the homomorphism β σ,x defined in Subsection 3.3 is the extension of ω σ,y to the level 2 mapping class group.
First we define a spin manifold
) and ϕ ∈ M g,1 [2] , endow the spin structure θ(σ) on the mapping torus in the boundary ∂N (c 0 ) × S 1 the spin structure induced by θ(σ). Hence, the elementary surgery is compatible with the spin structure, and M ′ has the induced spin structure.
Next, we define Heap's homomorphism ω σ,y . For a group G, denote the spin bordism group of
, 1) be a continuous map corresponding to this homomorphism. This map induces the homomorphism
, Z), we have the commutative diagram
which induces the commutative diagram
Then, Heap's homomorphism ω σ,y :
is defined by ω σ,y = y * η σ,2 for y ∈ H 1 (Σ g ; Z).
Lemma 3.7. For σ ∈ spin(Σ g ), y ∈ H 1 (Σ g ; Z) and ψ ∈ I g,1 ,
Proof. First, we explain the isomorphisms Ω spin 3
, choose a closed oriented surface F y ⊂ M ′ which represents the Poincaré dual of the pullback y := f * c ∈ H 1 (M ; Z) of a generator c ∈ H 1 (S 1 ; Z). Then F y has the spin structure σ y induced by σ ∈ spin(M ). For an oriented compact spin surface F , denote by Arf(σ) the Arf invariant of σ ∈ spin(F ). By the Atiyah-Hirzebruch spectral sequence, the homomorphism
This homomorphism does not depend on the choice of the generator c.
structure α x induced from the spin structure of M ′ . Then, there is an well-known isomorphism
which represents the Poincaré dual of x with a pin − structure α x . Then, we have
By the definition of the Brown invariant, we see that the homomorphism Ω
(Z 2 ) ∼ = Z 8 is written by 4 times the Arf invariant of a spin structure of the surface F y . By the commutative diagram, we have β σ,y mod 2 (ψ) = 4ω σ,y (ψ) ∈ Z 8 for ψ ∈ I g,1 and y ∈ H 1 (Σ g ; Z).
The value of β σ,x
Humphries ( [7] p.314 Proposition 2.1) shows that the level 2 mapping class group M g,r [2] is generated by the square of the Dehn twists along all non-separating simple closed curve when g ≥ 3. We will compute the value of the homomorphism β σ defined in Subsection 3.3 on the generators of M g,1 [2] , using the Brown invariant.
Note that this is not a homomorphism. For σ ∈ spin(Σ g ), denote by q σ : H 1 (Σ g ; Z 2 ) → Z 2 the quadratic function of σ. Proof. We denote the symplectic basis
represented by the simple closed curves in Figure 2 . Choose the oriented simple closed curves C 1 and C 2 as described in Figure 3 . For any non-separating simple closed curve C, if we choose a mapping class ϕ ∈ M g,1 such that ϕ(C 1 ) = C, we have
Hence It suffices to show that β σ (t
denote a mapping torus.
First, we calculate the value β σ,A1+B1 (t 2 C1 ). Consider the compact 3-manifold M 1 := N (C 1 ) × I/ ∼ ⊂ M . Choose the compact surface F 1 ⊂ M 1 as shown in Figure 4 . For the arc r = C 2 ∩ (Σ g − Int N (C 1 )) as in Figure  3 , denote another subsurface F 2 := r × S 1 ⊂ M . Then, the surface F := F 1 ∪ F 2 represents the Poincaré dual of the homology class
. Let α denote the pin − structure of F induced by the spin structure of M . By Lemma 3.6 proved by Turaev, the value β σ,A1+B1 (t 2 C1 ) equals to the Brown invariant B α . Hence we investigate the quadratic enhancementq α : H 1 (F ; Z 2 ) → Z 4 of the pin − structure of F . Pick the generator x, y, z of H 1 (F ; Z 2 ) = Z 2 ⊕ Z 2 ⊕ Z 2 as in Figure 4 . We may assume
Hence the Brown invariant B α satisfies
Hence we have β σ,A1+B1 (t
Next, we show that β σ,x (t
where c ∈ C x is a point. Then, F ′ is orientable and the spin structure of F ′ is induced by that of M . We denote this spin structure by σ ′ . Since spin group naturally injects into pin − group, we can consider σ ′ as the pin − structure of F ′ . Then, the quadratic enhancementq σ ′ is equal to twice the quadratic function q σ ′ . Hence we havê
This shows that β σ,x (t
Since we have β σ,A1 (t 2 C1 ) = 0, it follows that β σ,A1+x (t
). Thus, for all x ∈ H 1 (Σ g ; Z 2 ), we have 
A homomorphism
For a module K = Z, Z d , we denote by H 1 (Σ g,r ; K) pri the set of primitive elements in H 1 (Σ g,r ; K). Let
In this subsection, we define the homomorphism Φ :
In particular, this homomorphism is surjective when d = 2. The level d mapping class group acts on the set of isotopy classes of non-separating simple closed curves. We will prove that S d corresponds bijectively to the orbit space of this action. Note that any element of
pri is known to be represented by a simple closed curve.
is not primitive, there exists an integer k ≥ 2 and a primitive element w ∈ H 1 (Σ g,r ; Z) pri such that v = kw.
Since v d is primitive, k and d are coprime. Then, there exist integers
Then, there exists a mapping class
Proof. Fix orientations of C 1 and C
. Choose the simple closed curve C 2 which intersects C 1 transversely at one point. Since [C
In particular, the element α Choose a diffeomorphism f : Σ g,r → Σ g,r which satsifies f (
Here, the action of the mapping class group Now, we define the homomorphism
. Denote by t C ∈ M g,r the Dehn twist along a simple closed curve C ⊂ Σ g,r . By Lemmas 4.1 and 4.2, we can define the map Φ :
Extend this map to a homomorphism of Z-module
We consider the case when d = 2. Then, we have
Lemma 4.3. The homomorphism Φ is surjective, and factors through
Proof. Humphries [7] proved that the level 2 mapping class group is generated by Dehn twists along nonseparating curves. Hence, Φ is surjective. Denote by H 1 (I g,r ; Z) Mg,r [2] the coinvariant of the action of M g,r [2] on H 1 (I g,r ; Z). Consider the exact sequence
The coinvariant H 1 (I g,r ; Z) Mg,r [2] is proved to be a Z 2 -module in Johnson [13] Theorems 1 and 4, and we proved that H 1 (Γ g [2] ; Z) is a Z 4 -module in Section 2. Hence H 1 (M g,r [2] ; Z) is a Z 8 -module. This shows that Φ factors through the module Z 8 [H 1 (Σ g,r ; Z 2 )].
Upper bound of the order |H
In this subsection, we examine the kernel of the inclusion homomorphism
and give an upper bound of the order of H 1 (M g,1 [2] ; Z).
First, we review the Z 2 -module B 3 g,r defined by Johnson [12] . We consider the commutative polynomial ring R with coefficient Z 2 in formal symbolx for x ∈ H 1 (Σ g,r ; Z). Denote by J the ideal of this polynomial ring generated by
Denote by R n the module consisting of polynomials whose degrees are less than or equal to n. Define the module B n by
and denote B 
Next, we examine the kernel of ι :
Lemma 4.5. For r = 0, 1, 1 ∈ Ker ι.
Proof. As in Figure 5 , choose the simple closed curves
Z 2 ), we denote simply X := Φ(X). Then, by Lemma 12a in Johnson [12] and the chain relation, we
If we choose ϕ ∈ M g,r such that ϕ(A 1 ) = A 1 , ϕ(B 1 ) = B 1 + B 2 , we have
In the same fashion, by Lemma 12b in Johnson [12] and the chain relation, we have
Since ι(2A 1 B 1 (B 2 + 1)) = 0, we have
Put this into the equation (16), then we have
By the equation (15) and (17),
If we choose ϕ ∈ M g,r so that ϕ * (A 1 ) = A 1 , ϕ * (B 2 ) = A 1 + B 2 , we have
Hence we obtain
As we stated in the last subsection, H 1 (M g,r [2] ; Z) is a Z 8 -module. Hence we have 8 A 1 = 8 B 1 = 0. Therefore, we see that
By this lemma, we obtain the upper bound
; Z)|.
Lower bound of the order |H
In this subsection, we give a lower bound of the order of H 1 (M g,1 [2] ; Z)
Using this result we determine the abelianization
Lemma 4.6.
By the definition of ∆ σ , we have
Similarly, we see that
Put this into the equation (18), then we obtain what we intended to prove.
Proof. In Proposition 3.8, we proved that
Assume that for n − 1 the equation holds. By the Lemma 4.6, we have
Denote the homology classes X n by X 2j−1 := A j , and X 2j = B j for j = 1, 2, · · · , g. For convenience, we denote X n+2g = X n for n = 1, 2, · · · 2g. Define the surjective homomorphism
Proof. We examine the value of
We also have β σ Φ(∆ σ (X i1 , X i2 , · · · , X in )) = 0 for n ≥ 4. Since Φ is surjective, we have determined the image of the homomorphism Ψβ σ .
By this lemma, we obtain the lower bound
Now, we determine the abelianization H 1 (M g,1 [2] ; Z) as a Z-module.
Proposition 4.9. For g ≥ 3,
Proof. Denote by 1 the cyclic group generated by 1 ∈ B 3 g,r . We have
By the definition of B 3 g,1 , it is easy to see that
By comparing the order of groups, we see that the surjective homomorphism proof of Theorem 1.2. We compute the kernel of the homomorphism Φ :
Since β σ is injective, Ker β σ Φ = Ker Φ. Hence, by Lemma 4.7 we have
. By Lemma 4.6, it is easy to see that
is generated by 4∆
where
is the symplectic basis. Hence, the submodule L g,1 is generated by these elements. An easy calculation shows that
Therefore, the surjective homomorphism
is isomorphic. If we choose the spin structure σ 0 such that its quadratic function q σ0 satisfies q σ0 (X i ) = 0, we have
Hence we have ∆ 0 = ∆ σ0 , and Theorem 1.2 is proved.
The abelianization of the level 2 mapping class group of a closed surface
In this subsection, we determine the abelianization of the level 2 mapping class group of a closed surface Σ g . It is well-known that the homomorphism
is surjective. As stated in Johnson [13] Section 6, the kernel Ker(
; Z)) is generated by the image of these elements under ι. Therefore, Proof. For any pair of simple closed curves C 1 , C ′ 1 which bounds a subsurface of genus 1 in Σ g,1 , the mapping class t C1 t −1 C ′ 1 is in Torelli group I g,1 . Johnson [9] showed that I g,1 is generated by all pairs of twists t C1 t We have already determines the abelianization of level d congruence subgroup of the symplectic group in Section 2. We will construct the splitting of 
Johnson homomorphism mod d
In this subsection, we state that the mod d reduction of the Johnson homomorphism can be defined on the level d mapping class group.
For n ≥ 2, we denote by F n the free group of rank n, and by H := F n /[F n , F n ] the abelianization of F n . Let Aut(F n ) be the automorphism group of the free group F n . Then, Aut F n acts on H. For a commutative ring R with unit element, denote the tensor algebra of H ⊗ R bŷ
We denoteT i := m≥i H ⊗i ⊗ R for i ≥ 1. C ′ and separating twist T ∂Σg,1 , where (C, C ′ ) be a pair which bounds subsurface of genus g − 1 (see Birman [2] pp156-160). By the result of
